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v^ ■ Abstract. The quantized Dirac field is known, by a result of Fewster and Verch, 

^— ^ ' to satisfy a Quantum Weak Energy Inequality (QWEI) on its averaged energy 

' density along time-like curves in arbitrary four-dimensional globally hyperbolic 

spacetimes. However, this result does not provide an explicit form for the bound. 

By adapting ideas from the earlier work, we give a simplified derivation of a QWEI 

for the Dirac field leading to an explicit bound. The bound simplifies further in 
- the case of static curves in static spacetimes, and, in particular, coincides with 

C_ J ' a result of Fewster and Mistry in four-dimensional Minkowski spacetime. We 

also show that our QWEI is compatible with local covariance and derive a simple 

consequence. 
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,_^ , 1. Introduction 

f^ ' No quantum field (obeying Wightnian axioms) can have a nontrivial energy density 

^^D , whose expectation values are always nonnegative 1 . Moreover, in all models studied 

^^ ' (and all models with certain scaling behaviour 2' ) the energy density at any given 

O , point can be made arbitrarily negative by a suitable choice of the state of the field. 

O^' Taken at face value, these surprising facts would raise concerns about the possibility 

Vh . of violations of the second law of thermodynamics Pl or other instabilities arising from 

^^' extended distributions of 'exotic matter'. However, as was originally realized by Ford 

|3], quantum field theory appears to contain mechanisms — ultimately related to the 
uncertainty principle — which constrain the magnitude and duration of violations of 
the classical energy conditions. These are expressed by Quantum Energy Inequalities 
C^ ' (QEIs), which give lower bounds on the averages of the stress-energy tensor taken 

along the world-line of an observer, or over a spacetime volume. When the energy 
density itself is averaged, the more specific term Quantum Weak Energy Inequality 
(QWEI) is often used. 

QEIs are known for scalar, spin-i and spin-1 free fields in arbitrary globally 
hyperbolic spacetimes, and also for all positive energy unitary conformal field theories 
in two-dimensional Minkowski spacetime P| . Reviews of the literature on QEIs and 
their applications (and related issues) may be found in ^^Sj. 

The general results in arbitrary spacetimes are all obtained using techniques 
drawn from microlocal analysis. However, while the QWEIs obtained for the scalar 
and spin-1 j2| fields follow a common pattern and lead to explicit bounds, the 
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general spin-i QWEI obtained by Fewster and Verch |H] was proved by breaking the 
averaged energy density into a number of terms which were bounded by undetermined 
(although finite) constants. The only explicit Dirac QWEI known in four dimensions 
was obtained by Fewster and Mistry jSj in Minkowski spacetime, based on an identity 
discovered in |S]. The same approach may be applied to Rarita-Schwinger fields in 
Minkowski spacetime ^3 ^J i ^^'^ has been adapted to the case of two-dimensional 
Minkowski spacetime by Dawson ^3; different methods have been used to treat the 
specific case of massless Dirac fields in two dimensional curved spacetimes ^31 ■ 

In this paper, we will combine the language and formalism of |S] with the general 
approach of |5]; this tactic results in a bound that is easily compared and contrasted 
with the other general world- line QWEIs jBI ■ 

Our result may be stated as follows. Let (M,g) be a four-dimensional globally 
hyperbolic Lorentzian manifold, which is orientable and time-orientable, and suppose 
that such orientations have been chosen, along with a spin structure. As we review in 
321 the Dirac field may be formulated on (M,g), along with an appropriate notion of 
Hadamard states, for which the stress tensor may be defined by point-splitting. Let 
Wo be any Hadamard state of this theory and use it as a reference state to define the 
normal-ordered stress tensor :T^i^: as described in jS|. If 7 : / ^ M is a proper-time 
parameterization of a smooth future-directed time-like curve in (M, g) for some open 
interval / C R, then the normal-ordered energy density, as seen by an observer with 
world- line 7, is 

(:p:)^(r):=wK(r)u'^(r):T,,.:(7(r))), (1) 

where u(r) = 7(t) is the unit tangent vector to 7 at r. We will make some comments 
on the nature of the normal ordered stress tensor at the end of this section. 

Using a combination of parallel transport and Fermi- Walker transport|, we 
construct a local section E of the spin bundle near 7 such that the induced tetrad 
e — {sa) {a — 0, 1, 2, 3) obeys eo(7(T)) = u{t). Together with the reference state, this 
permits us to define distributions near 7 by 

\No{f,h) ■.= S^''cJoi^^ifEA)'i'{hE+)) (2) 

Wj; (/, h) := J^^^o (* {hE+) *+ ifEA)) , (3) 

where Ea {A = 1, 2, 3, 4) form a spin-frame induced by E, and ^ and ^^ are the Dirac 
field and its Dirac adjoint. These distributions may be shown to be independent of 
the freedom in the construction of E. 

With these assumptions, our main result is the following: 

Theorem 1. For any real-valued weight g e C^{I), and any Hadamard state to of 
the Dirac field on (!M,g), 

1 r°° 

dT{:p:)^iT)g{Tf>~—j d^, ^i {S^ + S^) > -ex,, (4) 

where Sf^ and Sj^ are positive functions, decaying rapidly as jj. ^ -l-oo, and depending 
on 7, g, and the distributions Wq and Wq . They are defined by 

S^ := [g(^gi2^o] (-/i,M), (5) 

Sl-.^ [g®gr2Kf (1^,-1^), (6) 

where 7^ denotes the pull-back by 72(t, r') :— (7(''"), 7(t')) and the hat denotes the 
Fourier transform (according to conventions given below). 

J See [Appendix A] for a review. 
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It is worth making a few remarks before we proceed. First, the bound of equation 
^ is far more exphcit than that given in [H|. Second, Wq may be regarded as a 
point-split unrenormaHzcd charge density for the reference state, and Wq is closely 
related to the corresponding quantity for the charge conjugate state. If the reference 
state Wo is charge-conjugation invariant, this relation causes the bound to simplify by 
virtue of the relation Sj^ = 5*^. 

Third, the bound also takes on a simpler form for a static observer in a static 
spacetime, as will be discussed in 21 In particular, the Minkowski spacetime result 
of PI is recovered as a special case in M4.2I Fourth, as we will show in ^ our QWEI 
is a locally covariant difference QWEI, in the sense recently developed in (14,. Fifth: 
although explicit, the bound is not expected to be optimal. As already mentioned, 
the general technique of [H] was applied to the case of two-dimensional flat spacetime 
in J21; in the massless limit, the result was weaker than the optimal bounds of VoUick 
US (cf. also [SlITni). 

Finally, we reiterate that our bound is a difference QWEI; that is, it applies to 
the normal ordered energy density with respect to a reference state uq, rather than 
the renormalized stress tensor T™", which is covariantly defined without the use of a 
reference state and exhibits a trace anomaly. Now, it is one of the Wald axioms JJj for 
stress tensor renormahzation that u;(T™'(a;)) — a;o(T'^™(a;)) = uj{:Tfj,i,:{x)), so we may 
replace -.p: by p'^'^'^ in our result |0J at the expense of adding J dr {p'^"^{j{t)))u)o9{''')^ 
to the right-hand side. Since ujq is Hadamard, this is a finite modification and the 
renormalized energy density is also seen to be bounded from below (thus constituting 
an absolute QWEI). In the scalar case, an absolute QWEI may be obtained without 
appealing to a reference state ^H] , and one expects that this can also be done for Dirac 
fields. It is also worth noting that Wald's prescription for stress tensor renormahzation 
[T^ involves the addition of certain terms 'by hand' to ensure that the expectation 
value of the stress tensor is conserved, and vanishes in the Minkowski vacuum state. 
In the scalar case, it has recently been shown by Moretti ^^ that an ingenious 
modification of the stress tensor, which leaves the classical expression unchanged for 
solutions to the Klein-Gordon equation, removes the necessity for such additions and 
gives the same final result. It would be interesting to see whether a similar programme 
can be carried out for the free Dirac field (cf. e.g., [H]); of course, our QWEI would 
still apply, as the expectation values are unchanged. 

1.1. Definitions and notational conventions 

We work in 'natural' units, so that h = c = 1. Lower (respectively, upper) case Latin 
characters will be used to label tetrad (respectively, spinor) indices. Tetrad indices 
take values 0-3; spinor indices take values 1-4. Spacetime indices arc indicated by 
lower-case Greek characters. 

The smooth map e^ : M" ^ C is defined by 

x^ek{x):^e'''-'', fc g R". (7) 

We define the Fourier transform / of a function / G i^(]R"') using the 'usual non- 
standard' convention 

/(fc):= /d"a:/(x)efc(x). (8) 
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In terms of these definitions, the Fourier transform of a distribution u E <o"(M") is 
defined by 

u{k):=u{ek). (9) 

2. The quantized Dirac field on a curved spacetime 

2.1. Geometry of Dirac fields on curved spacetimes 

In order for the present work to be reasonably self-contained, we will summarize here 
the essential features that allow one to formulate a meaningful description of a Dirac 
field on a spacetime manifold. We shall adhere closely to the definitions, terminology 
and notation of |H1 I22j , and much of the following material is drawn directly from 
those sources. 

We begin by defining ^ to be the group of 4 x 4 real Lorentz matrices A°j with 
the defining property that ?7a6A°^A''^ = rjcd, where 77 = diag(-|-l, — 1, — 1, — 1) is the 
usual Minkowski metric. The identity connected component of Jif is the subgroup of 
proper orthochronous Lorentz matrices J^^. We also fix a set of 4 x 4 Dirac matrices 
7a (a = 1,...,4) obeying 

7a 76 + 767a = 277afc]l (10) 

and belonging to a standard representation, which means that 

7^ = 70 and jI = -7A; (11) 

for fc = 1, 2, 3, where ^ denotes the usual Hermitian transpose on matrices. 

According to a general theorem of Pauli |2S| , any two sets of Dirac matrices are 
intertwined by a nonsingular matrix, unique up to a scalar multiple. In particular, 
there is a nonsingular matrix C such that 

C^a = -la^C. (12) 

The matrix C may be shown to be antisymmetric; moreover, in a standard 
representation C may be normalized so that 

C^C^-C^ = 1 (13) 

which fixes it up to an overall sign. In consequence we also have 

C^C^-Cl (14) 

The spin group Spin(l, 3) is the group of matrices S G SL(4, C) such that 

57a5-i = 76A^ (15) 

for some coefficients A**^ which, by equation 1)10(1 . are necessarily the components of 
a Lorentz matrix. It can be shown that the map S 1— > A(iS') is a two-to-one covering 
homomorphism from the identity-connected component SpinQ(l, 3) to ^_|, with kernel 
{1, — 1}, so we also have Spino(l,3) = SL(2,C). 

By considering the transpose of ((15|l and using the definition of C it is easy to 
show that CS-faiCS)-^ = S''^^ C-/a{S-^^ C)-^ for each a. By Paufi's theorem this 
entails that CS = ksS^^ C for each S, where the constants ks are readily seen to 
obey kg = 1 on considering determinants. Using continuity and ki ~ 1, we may 
conclude that ks = 1 for all S, yielding 

S'^C = CS-^ (16) 



An explicit Q WEI for Dirac fields in curved spacetimes 5 

for all S G Sping(l, 3). In a similar way, we may use the identity 

7o7a=7l7o, (17) 

which holds in standard representations, to deduce that 

Sho = 70^-1 (18) 

for all S G SpinQ(l,3). This has a useful consequence: if A(S') is a pure rotation, so 
that SjqS^^ = 7o, then 6*^70 — JqS^^ = S'^^70, and hence S is unitary. 

Turning to the curved spacetime setting, we assume that an orientation and time 
orientation have been chosen on (M,g). The frame bundle i^(M, g) is the bundle of 
oriented and time-oriented orthonormal frames e — {ea)a=a,...,3 over (M, g) with the 
convention that bq is time-like and future pointing. This is a principal ^_|-bundle, 
with the right action 

(i?Ae), = etA\. (19) 

A spin structure on (M,g) is a principal SpinQ(l, 3)-bundle S'(M,g) over (M, g) 
together with a fibre-bundle homomorphism i/j : S{3Vi, g) —* f (M, g) such that V' 
intertwines the right action of the structure groups on these bundles: 

^PoRs^ RAis) ° i'- (20) 

Spin structures necessarily exist on the spacetimes we consider, but are not necessarily 
unique. We assume that a particular spin structure has been chosen from now on. 

Spinor fields are now defined as sections of another bundle DJA, which is an 
associated SpinQ(l,3)-bundle 

i?M = 5(M,g)Kspi„^_(i,3)C^ (21) 

That is, the fibre of Dl\l at p e M consists of equivalence classes [T, x]p for 
T g S{'M,g)p, X G C^ (considered as a 4-dimensional complex column vector) where 
[T',x']p = [T,x]p if and only if T' = Rg^T, x' = Sx for some S G Spino(l,3). The 
upshot is that DM has fibre C at each point p G M and a left action of SpinQ(l,3) 
given by 

Ls[T,xl = [T,Sxl. (22) 

The dual bundle D*M. may be constructed similarly, with fibres consisting of 
equivalence classes [T, £]* for T G S'(M, g)p and £ G C'* (considered as a 4-dimensional 
complex row vectors) with [T',f ]; = [T,i]* if and only if T' = Rg^T, i' = iS-^ for 
some S G Spino(l,3). Elements of DM. are called spinors, while elements of D*M 
are called cospinors, and have a natural dual action on spinors: if Vp = [T,i]* and 
Up — [T,x]p, then 

v{u)\p=£-x (23) 

where the dot denotes the usual matrix multiplication. 

We may now define the Dirac adjoint and charge conjugation maps. The Dirac 
adjoint u '—^ u'^ maps antilincarly between spinors and cospinors so that 

{[T,xlY^[T,x^^o]l, (24) 

which is well-defined owing to equation 118(1 . The inverse map is also denoted in the 
same way. Charge conjugation u 1-^ u'^ is an antilinear map of DM to itself defined by 



{[T,x]py 



[T,loC^^ (25) 
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which is well-defined owing to equations H18(l and (|16(l . The definition is extended to 
D*M by duality: 

{[T,i];y=[T,ICjo]l (26) 

which entails that v'^iu'^) = v{u). Both spinors and cospinors obey the identities 

If B is any bundle over M, we use the notation C°°{B) to denote the space of 
smooth sections of -B, and C^{B) for those of compact support. In particular, we will 
denote ^sp — Cg°{DM) and ^cosp — C^{D*M), endowed with their usual topologies, 
for spaces of smooth compactly supported (co)spinor test fields, as in .g, . 

Finally, any (local) section E of 5(M, g) determines a (local) frame field e = 
(eo, . . . ,63) = ij; o E and (local) sections Ea of DM, such that Ea{p) — [Ep,bA]p, 
where Ba {A = 1,...,4) is the standard basis in C*. These induce a dual frame 
(e°,...,e3) and dual sections E"^ of D*M by e'^(e(,) = S^ and E'^iEs) = S^, and 
permit arbitrary mixed tensor-spinor fields to be expressed in component form. In 
particular, 7 £ C°°{T*M <Si DM (g) D*M) is defined to have components 7^^^ (= the 
matrix components of the Dirac matrix 7a) in some (and hence any) such system. 

2.2. The Dirac equation 

As usual, the metric induces a covariant derivative V on C°°{TM); if fc = k^ei, G 
C°°{TM) is a smooth section, then we have 

Vfc = (Vgfc") es ® ec = {dbk" + T^fk^) e^ ® Ca (27) 

where the second equation defines the Christoffel connection coefficients V^^. 

In turn, a further covariant derivative, which we also denote by V, is induced on 
C°"{DM). If (eo, ... ,63) and {Ea)\^i are induced by a section E in 5'(M,g) and 
/ = f^EA is a local section in DM, then V/ S C°°(T*M «) DM) is given by 

V/ - (V,/^) e" ® ^A = (ab/^ + a.^s/^) e'' ® £;^. (28) 

The connection coefficients <Jf, g appearing in the second equation are defined by 

^A--Jr^.7a^c7'^B, (29) 

and 

dbf^ = d/^ (eb) , (30) 

where df^ is the exterior derivative of the function f^ . 

The action of V can be extended uniquely to cospinor and mixed spinor-tensor 
fields by imposing the usual requirements that the covariant derivative be Leibniz and 
that it commute with arbitrary contractions. Thus, for example, if h = hsE^ is a 
cospinor field, then the components of Wh — Vbhse'' ® E^ are 

Wbhs ^dbhs - hc(Jb'^B- (31) 

With the covariant derivative defined in this way, it follows that V7 = 0. 
The first-order differential equation 

{-if + m) u = Q (32) 

for the spinor field u g C°° (DM) is known as the Dirac equation. The corresponding 
Dirac equation for the cospinor field v G C°°{D*M) is 

{if +m)v = 0. (33) 
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The constant to > is interpreted as the field mass. As usual, J/ is the Dirac operator, 
and maps (co)spinor field to (co)spinor fields by 

ff={f ff Ea - ry^S/s (Vb/^) Ea, (34) 

fh={fh)sE^=7^'''{Wbhc)la''BE'', (35) 

where / = /"^Ea € C°°(£IM) and h = hsE^ e C°°{D*M). 

The advanced (— ) and retarded (+) fundamental solutions, in the spinor case, 
are continuous linear maps 

S^p : C^ [DM) -> C°° {DM) (36) 

such that 



(-iy 



to) S'.pU = M = S'.p (-ly + to) u, 



(37) 



and so that suppS'J^u C J''=(suppu), where J^(suppu) is the causal future(+)/causal 
past(— ) of suppii. The fundamental cospinor solutions 5'^gp are similarly defined, 
and the retarded-minus-advanced fundamental solutions are then written as 

and Ocosn -^ *^r-/-iCT^ '-'r- 



Q — Q+ _ q- 



■^cosp" 



(38) 



2.3. The field algebra 

Let -Aiouble = -^cosp ffi 

define operators 



(D 



-1) 

_D[> and S = S<j in the notation of 



'sp be the space of 'doubled' test (co)spinors, on which we may 
i? + TO \ ^ . f S,„.„ 



TO 



S:= 



-'cosp 





5. 



sp 



) and an antilinear map 



r 



/+ 
h+ 



(39) 



(40) 



We use ^double to label a set of abstract objects: to each F e i^doubie, we associate 
an object S(F). We may now define the field algebra to be a unital ^-algebra S'(M, g) 
consisting of all (finite) polynomials in the S(F), their adjoints S(i^)*, and the identity 
1, subject to the following relations, which hold for all F, Fi, F2 G ^double, ^i, A2 E C. 

Ql. Linearity: S(AiFi + X2F2) = AiS(i^i) + A2S(i^2). 

Q2. Adjoint: S(rF) = S(F)*. 

Q3. Field equation: '-{DF) = 0. 

Q4. Canonical anticommutation relations: 

S (Fi) S {F2) + E {F2) E (Fi) = -iS (Fi, F2) L (41) 

It should be noted that it is the requirement Q4 that contains the essentially 'quantum' 
feature of the algebraic structure. 

The usual Dirac field and its Dirac adjoint field are obtained as special cases of 
the above. For any h e i^cosp and / e S^p we define 

" 



^ih):^E 







and *+(/) -.^ E 



f 



and interpret them as smeared fields. The charge conjugation map ip 
used to define a ^-automorphism ac of S^(M, g) by 



ac^ 



h 
f 



_ J-C+ 



(42) 
ip'^ may be 

(43) 
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In particular, we have ac^^ih) = *+(/i'=+), ac*+(/) = -*(/''+), and Oc o a^ = id. 

The algebra S'(M, g) can be endowed with a norm, with respect to which its 
completion is a C*-algebra, namely the CAR algebra. However we will not need this 
extra structure below. Finally, we remark that 5^(M, g) should not be regarded as 
the algebra of observables for this theory, owing to the failure of commutativity at 
space-like separation. As in [221, the net of local algebras should be generated by 
elements of the form ^"'"(/)^(/i). 

2.4- States, two-point functions and the Hadamard condition 

A state in this framework is a linear functional oj : 5^(M, g) ~» C which is positive 
[u){A*A) > for all A e 5'(M,g)] and normalized [uj{l) = 1], with uj{A) interpreted 
as the expectation value of observable A in the state oj. A state uj will be called 
charge conjugation invariant if it is invariant under ac, so that Lu{acA) — uj{A) for all 
A S i?(M, g). We will only consider states which are regular enough that the two-point 
function uj2, defined by 

^2 {Fi ® F2) := uj {E{Fi)E{F2)) , Fi, i^2 e i^douWc, (44) 



is a continuous linear functional on 
distributions W and W^ on ^s^ ® ^ 



<^doublc » ^double 

cosp, defined by§ 



W{f(g)h) 
W^ (/ (g> h) 



UJ2 



UJ2 



■ ■ 


«) 


■ h ■ 



■ h ' 




(E> 


■ ■ 

. / . 



In this case we may introduce 

= u; (*+ (/) * (h)) , (45) 

= u; {^ (h) ^+ (/)) , (46) 



where / e 



^sp , ^ € ^cosp . The distributions W and W^ will also be referred to as two- 
point functions. Given a reference state loq, with corresponding two-point functions 
Wq and Wq , we may also define normal-ordered two-point functions: 

■W. =W - Wo (47) 

■W}^ ^W^ - W^. (48) 

An important fact, arising as a direct consequence of Hermiticity (axiom Q2) and 
positivity of states, is that uj2 is a distribution of positive type, in the sense that 

UJ2{T{F)®F)>0 VFe ^double (49) 

The following positivity properties of W and W^ follow immediately: 

W{f®f+) >0 V/e 
W^ {h+ (g)h) >o yhe 
W{h+®h) > yhe ^c, 

W^ if ® /+) > V/ e 

Notice that the anti-commutation relations 

*+ (/) * (/i) -f * (h) *+ (/) = -[{h, Sspf)t, h G ^cosp, / e ^.p 

for the field '^ and its adjoint, when evaluated in a state us, lead to the result 

W{f®h) + w^if®h)^~i{h,Sspf), /ie^cosp,/e^sp. (55) 

§ Comparison with equations (2.49) and (2.50) of |2| reveals that the two-point functions ujq and ujq 
defined there are equal to our W and W^ for the special case in which oj is quasi-free. We emphasize 
that our treatment is not restricted to quasi- free states. 



^'spi 
^cosp : 
^cosp 1 
^sp. 



(50) 
(51) 
(52) 
(53) 

(54) 
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Observe that the right-hand side is independent of the state chosen (the states are 
normahzed, by definition) . It then follows that the normal-ordered two-point functions 

satisfy 

■.W:if^h)^-:W-:^if(S)h), /iGi^eosp,/e^sp. (56) 

It is also easily seen that, if to is charge-conjugation invariant, then 

W^ if (g) h) ^ -W {h''+ (g) f''+) . (57) 

For the remainder of this paper we will restrict to the class of Hadamard states, 
which are distinguished by the singularity structure of their two-point functions. For 
scalar fields, the Hadamard condition was originally formulated in terms of the so- 
called Hadamard series [211; however, Radzikowski ,25, realized that the condition 
was equivalent to demanding a particular form for the wave-front set [2S| of the two- 
point function. As we will use only those features of the wave-front set which have 
been used before in the context of QEIs, we refer the reader to [HIIHI for the relevant 
background. 

Radzikowski's reformulation of the Hadamard condition was extended to Dirac 
fields in P7ll28ll^ (see also ,3C||^ for the Hadamard series in this connection). The 
upshot is that a (not necessarily charge conjugation invariant) state ui on 5^(M, g) is 
Hadamard if and only if the wave-front set of its two-point function lu2 satisfies the 
micro-local spectrum condition 

WF{u;2) = {{p,tp\-e)&T*{MxM)\{p,0-{p',a; ^&^t}- (58) 

Here r*(M x M) is the cotangent bundle — without the zero section — over M x M, 
{PiO ^ (-P'jC) means that there is a light-like geodesic connecting the points p and 
p' in M, to which ^ and f' are co-tangent, and along which ^ and f' are related by 
parallel transport. Finally, ^Nfj" is the set of all future-directed null covectors at p. 

For Hadamard states, the two-point functions W and W^ satisfy the micro-local 
spectrum conditions 

WF(iy) = {(p,e;p', 

WF{W^) = {{p,tP, 

Except for charge conjugation-invariant states, neither of these is sufficient on its own 
to prove that the state is Hadamard |29) . 

2. 5. Scalar distributions derived from the two-point function 

We now introduce various scalar bidistributions obtained from the two-point functions 
W and W^ , which are needed in the statement and proof of Theorem ^ 

Suppose a local section E of S{M, g) is given, defined over some open subset 
]Sf of M. Then we may define spinor fields Ea on 'N as described at the end of 
H2.ll Given any A e {%p (g) ^cosp)', we may define a matrix of scalar bidistributions 
A^ij e ^'(N X >l) (A,S = l,...,4)by 

AABif,h):^A{fEA®hE+), f,he^{J^). (61) 

Apphed to W and W^ , we obtain matrices Wab and W^^ which are positive type in 
the sense that, for example. 



e') e r* (M X M) 1 (p, - 


-(p',0; 


eeN+j, 


(59) 


e') G r* (M X M) 1 (p, - 


-(p',0; 


ee^;}. 


(60) 



Wab (/' 



/s >0, V/^e^(:M), A -1,2,3,4, (62) 
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where we sum over the repeated indices. In particular, the 'traces' 

W = S^^Wab and W^ = 6^^W^b (63) 

are obviously positive type distributions in i^'(3\f x K) by equation H62|l . 

Several other properties of W and W'" will be used below. First, their wave- front 
sets are easily seen to be constrained by 

WF(W) C WF(M^)|3Vx?^, (64) 

WF(W^) c WF(W^^)UxN, (65) 

because these distributions are simply sums of products of W and W^ with smooth 
local sectionsjl of the outer bundle product DM, Kl D*M.. 

Second, let U^ a be any fixed unitary matrix, and define local spinor fields by 
E'^ = U^aEb- Then 

\N{f,h) =5^^w(^fE'^^h{E's)+'^ (66) 

W^ (/, h) = 6^^W^ (fE'j, ® h {E's)+) (67) 



for all f,h E ^(^), which demonstrates a modest level of independence of W, W'" 
from the particular spinor fields used in the construction. This follows because 
elements of ^sp <8) ^cosp can be identified with smooth compactly supported sections 
of DM Kl D*M; in particular, fEA (8) hE^ corresponds to the section {p,p') >-^ 
f{p)h{p')(EAME+){p,p'). Since 

6'^^E'a M (E'b)^ = S^^U^aU^Ec ME+= S^'^Ea ^ E+ (68) 

because S^^U'^ aU^b = (UW)'^^ = S'~'^ we obtain H66|) as claimed. Some particular 
instances of this situation are summarized in the following: 

Lemma 2. Equation f6'61) holds in the following cases: 

(i) E'j^ = [E,b'j^ for any orthonormal basis b'j^ ofC*. 

(ii) E'j^ — [RsE, 6yi] for a fixed S G SpinQ(l, 3) such that A{S) is a pure rotation, 
(tit) E'^ = E\ 
(iv) E'^ = E^+ where E^ = [E, 6^]*. 

Proof: We need only check that E'j^ = U^ aEb for some constant unitary U^ a in 
each of the cases given. In case (i) we simply observe that there is a unique unitary 
such that b'^ = U^AbB- For case (ii) we note that [RsE, 6a] = [E, SbA] = S^a[E, &b] 
and that S is unitary because A(iS') is a rotation (see the remark after H18|l ^. For case 
(iii), we observe that _E^ = [E,joC^bA] — {'^oC^)^ A[E,bB] and use the facts that 
7oC' is unitary in standard representations, and that bs is an orthonormal basis of 
C^. Finally, in case (iv), since -E^ = JoaEb, we use the fact that 70 is unitary in 
standard representations. D 

One particular consequence is that, when to is charge-conjugation invariant, 

W^ {f(E)h) = S'^^W^ (fEA «) hE+) 

= S'^^W{--hEp+(g,fE'^) 

= S^^W {hE% ® fEf) 

^\N{h^f) (69) 

II The external vector bundle tensor product is defined locally as follows. If B and B' are vector 
bundles over M and M' , with projections tt and it' , then B ^ B' is a vector bundle over M X M' 
whose fibre at {p,p') is n~^{p)(S>n'~^{p'). This is in contrast to the tensor product B(S>B' of bundles 
B and B' over the same base M; in particular, _B (g) B' is again a bundle over M. 
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where we have used H57|l . the spinor identity ti+^+ — —v'^, and Lemma Eljiu)! . 

Third, if we invoke a reference state loq and form its corresponding distributions 
Wo and Wq , we may define normal-ordered versions :W: = W — Wq and :W:'" — 
\N^ — Wq, which are smooth if both lu and ujq are Hadamard. Note that we have 
:W: ^ -iW:^. 

Finally, using Lemma Elpvjl let us note that 
W (/, h) = Sabu; (*+ {fE''+) ^ {hE"")) = lo (*+ {fE^) 70^5* {hE"")) (70) 

so we may interpret W as a point-split unrenormalized charge density with respect to 
the tetrad Ca- Indeed, the :\N:{p,p) is precisely the normal-ordered charge density 

:W:(p,p) = (:vI/+eo-7*:)c.(p) (71) 

in this frame. Here, and below, the • denotes contraction of tensor indices or the 
metric-induced inner product as appropriate. 

3. The quantum weak energy inequality 

3.1. The energy density 

Let E be any local section of S'(M, g) and define corresponding spinor fields Ea and 
tetrad Bq. Then the classical stress-energy tensor has frame components 

Tab = ^ (V'+7(aVfc)V - (V(„V'+)76)^) ■ (72) 

In §3 of ^8' it is shown how the normal-ordered energy density, with respect to the 
given frame and a fixed choice loq of Hadamard reference state, may be obtained by a 
point-splitting prescription as 

{■.p:)^{p)^{^^'':WAB:)ip,p) (73) 

where 

^^B = 1 I []i ^ (ieo . V) - (ieo • V) ® 1] S^"" + 6^^ } (74) 



and we have defined 
qAb 

and 



(^^^ao^c - S^^'ao^c) = 6^^, (75) 



'To^B := -^rg,7a^c7'''B. (76) 

There are two main differences between our approach in this paper and that 
adopted in [Hj: first, we make a particular choice of section E near the sampling 
world-line 7 in which the coefficients Q vanish on 7; second, a cleaner treatment 
of the remaining terms is used to obtain explicit bounds. In the remainder of this 
subsection we will describe the first of these elements, leaving the second to the next 
subsection. 

Accordingly, let 7 : / — > M be a fixed smooth, future-directed time-like curve, 
parameterized by proper time in an open interval / of M (including the possibility 
/ = M) and denote its velocity by u^ . The first step in the construction of a suitable 
section E is to select an arbitrary tq G /, and to choose a tetrad Cq at 7(to) with 
eg = ■u'^(to). Next, the tetrad is propagated along 7 by Fermi- Walker transport, 
so that egl^(T-) = m^(t) for all r G /. Let iN"^ be the largest open neighbourhood 
of 7 in which every point is joined to 7 by a unique space-like geodesic meeting 
7 orthogonally,^ and extend the tetrad into 3Nf-y by parallel transport along such 

^ To be precise, 3^-, is the union of all such open neighbourhoods. 
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geodesies. Finally, the resulting local section of i^(M,g) may be lifted to a local 
smooth section E of 5'(M, g) using the argument set out in §3 of [HJ- (There are of 
course two possible lifts.) 

Although the construction involves several arbitrary choices, only limited freedom 
is available. 

Lemma 3. If E and E' are any two local sections of S(M,g) obtained in the above 
fashion, then there is a fixed S G SpinQ(l,3), with A(S') a pure rotation, such that 
E' = RsE on'N-y. 

Proof: At any individual point of 7, the corresponding tetrads Cq and ej, differ by 
a pure rotation, because eg = Cq. Since Fermi- Walker transport preserves angles, 
this must be a fixed rotation. Moreover, the parallel transport used to propagate 
the tetrads into the remainder of Tsf^ also preserves angles, so there is a rigid rotation 
linking the two frames: e' = R^e for some rotation A in S0(1, 3). At any given point p, 
therefore, E'^ = Rg(^p)Ep, where S{p) is one of the two possible matrices in SpinQ(l,3) 
with A(S') = A [recall that these two possibilities differ by a sign]; continuity then 
imposes constancy of S{p) on'Nj. O 

The main consequence of this construction has already been mentioned above: 

Lemma 4. // E is any local section of ^(M, g) obtained in the above fashion from 
the curve 7, then the corresponding coefficients Q vanish identically on 7. 

Before giving the proof, we note that the energy density on 7 may now be written 
in the simpler form 



(:p:)^(7(r)) 



- [1 (g) ieo 



V-ieo-V®]l]:W: (7(r),7(T)), 



(77) 



where :W: is defined as in ij2.5l Furthermore, this expression is independent of the 

particular local section E used, provided it is obtained as described above, by LemmaEl 

and Lemma ElpT)! . This expression will form the basis of our QWEI proof in the next 

subsection. 

Proof of Lemma^ First note that 

e^^(r)=i(ao^^-^^). (78) 

(We drop the [.^(t-) notation for the moment, assuming all quantities to be evaluated 
at a fixed point on 7.) Now 

' (79) 



AB 



^ AB 
CTq 


„BA _ r°- ^ 
^0 --^'^odX 


dAB 
a , 


where we have defined 




dAB 
Xa 


:= [707''] - [7q7''] 




= 7a7 J 


;(7.7^); 




= 


7a7'^"(7a7'')*' 


AB 



- [7.7^- 7^*7:] ^^ 

But in a standard representation, we have 7q = 70 and 7^ = — 7^, 
follows (on using the anti-commutation relations for the 7^) that 

,AB 



Xa 



dAB ^i 2[jal''y 







a^O,d^O,d^a 
otherwise. 



(80) 
from which it 

(81) 
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So we are left with 

e^^M = -^E E ^s,|,(.)[7a71■'^ (82) 

a— 1 d^a—1 

where we have restored the expUcit I^m notation. We remark that the spin connection 
coefficients Q^^ do not appear to vanish triviaUy; secondly, because the components 
76 s are constant, the variation in Q along 7 is entirely contained in the ChristofFel 
symbols rg^|^(r)- 

From H27|l. we have 

(eo • V) fc = (Vofc=) e, = (dok^ + T^^k") e,, (83) 

where we have made use of the orthonormality property e°(eb) = S^. Taking 
k = S^ef — Cd, we have 

(eo • V) ed = (Vo^S) e, = {doS^^ + TgJ e, = rg.e,. (84) 

Now, the tetrad {ea} is Fermi- Walker transported along 7, so (substituting j — bq 
in the definition (|A.3|l l 

— = (eo • V) Cd - [(eo • V) eg] (e^ • cq) + eg {ed ■ [(eg • V) eo]} = 0. (85) 

Dr 

Using 184|) . this gives 

rSdCa - Tooea (ed • eo) + Fogeo (e^ • e^) = 0, (86) 

which, after operating on e^, using ea{e^) — S^, and swapping the indices a and b, 
gives 

Kd = Ko i^d ■ eo) - r',,6S {ed ■ e,) . (87) 

Consideration of this result reveals that Fg^ vanishes unless one and only one of a, d is 
zero. Returning to equation H82|l we now see that, if the frame {ea} is Fermi- Walker 
transported along 7, then 

e^^ (r) = 0. (88) 

This proves the required result. D 

3.2. Proof of the QWEI 

We briefly summarize the situation at this point. Let co and wq be Hadamard states 
of the Dirac field. Given any smooth, future-directed curve "f : I ^ M, parameterized 
by proper time, we have constructed a class of local sections of S'(M, g) in an open 
neighbourhood INf-y of 7 and used this to define distributions W, W'" (respectively, Wq , 
Wq) from the two point-functions of w (respectively, cjo)- These distributions in fact 
depend only on the states and the curve, rather than the particular section used (from 
our class). Furthermore, the energy density along 7 is given by H77|l in terms of the 
smooth normal-ordered quantity :W:. 

Now fix any real- valued g e C^{I), and choose rj e C^CN-^) so that 77 = 1 on 
a neighbourhood of 7(supp5). Then rj (8) 77: W: is smooth and compactly supported in 
"Nj X 'N^ and its pull-back 

(72 r/ r,:W:) (r, r') = (r, ryiW:) (7 (r) , 7 (r')) (89) 
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is smooth and compactly supported in / x /. We extend this to M x M so that it 
vanishes identically outside I x I. Using an argument taken from [Hj, the smeared 
energy density 

''dT(:p:)^{T)g{rf (90) 



may now be expressed in the form 

^ = ^ / dA dA' (A + A') 52 (A - A') [72* {v ® ^:W:)]^(-A, A') (91) 

(see equations (4.3) and (4.4) of |H1). Note that the integral in H91|l is absolutely 
convergent, because :W: is smooth. The role of 77 is simply to enforce compact support 
at this stage; it will be eliminated at a suitable stage in the argument. 

The following identity is the key to our derivation of the QWEI, and is based on 
results which also played a role in [HI E! : 

Lemma 5. If g E C^(K) is real-valued, and F E f?'(M^) is smooth then 

-^ / dA dA' (A + A') .g2 (A - A') F (-A, A') = - / dfi fiF {ge^,, <g> ge^) . (92) 

(27r) J TT J 

Proof: Applying Lemma 6.1 of 8j , we see that 

(A + A') ? (A - A') - ^ y dfi M? (A - li) ?(A'-/.). (93) 

On the other hand, 
F {ge-f, (g) ge,,) = {{g ® g)F) {~fi,fi) 

--^y'dAdA'F(-A,A')?(A-A^)?lAWO (94) 



by the convolution theorem and the fact that g{—u) = g{u) because g is real-valued. 
All that remains is to justify the interchange of integration order between jjl and A, A'. 
For some constant C > 0, estimate 

\'g{u)\<C/{l + u^). (95) 

Then the arithmetic-geometric mean inequality gives 



d/^ 



M?(A-m)5(A'-m) 



<§/d^ 



_(i + (a-m)') [l + {\'-^^f)' 



<— (|A| + |A'|) + C 

<C(1 + |A| + |A'|). (96) 

This result, together with the fact that F(— A, A') is of rapid decay as (A, A') -^ 00, 
completes the proof by a simple application of Fubini's theorem. D 
Applying Lemma El to the averaged energy density 3, we have 

^^^ fdfifij;{r,<gV-^-)i9,.<»W)^ (97) 
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where we have defined g^ :— ge-p,. Because 77 o 7 equals unity on the support of g, we 
may now discard 77 and write 



1 

2^ 



d/x/ii72:W:(g^(g)g,,) 



I r , 1 



d///i72:W:(5^®5^) + — / d/i /n^W: (g^ (^ 5^) 







1 /•°" . 1 







^TT cIm /i72 :W: (.g^ ^g^) - tt ^/^ M72 :W:^ (g^ ® g^) , (98) 

^TT Jo ^7^ J-00 

where we have made use of the resuh :W: = — :W:'" in the last step. 

So far, we have worked with smooth functions, such as :W: and :\N:^ , for which 
the existence and smoothness of pull-backs is trivial. We now wish to separate :W: 
(respectively, :W:'") into contributions from W and Wq (respectively, W'" and Wq). 
Even though these are non-smooth distributions the pull-backs exist as distributions 
in ^'{I X /) by standard techniques in microlocal analysis: the argument is exactly as 
in IHIIHI and will not be repeated here, except to mention that the key issue is that — as 
can be seen from (I64|l — their wave-front sets involve only null covectors, which cannot 
annihilate the time-like tangent vectors of 7; furthermore, the wave-front sets of 72 W 
and 72 W^ are 

WF (7^W) C / X K+ X / X M-, and (99) 

WF (7;W^) C / X R- X / X K+. (100) 

(The same holds, of course, for 72 Wq and 72 Wg.) Furthermore, the pull-backs inherit 
the positive- type property by Theorem 2.2 of "B". Consequently, on substituting 
7*:W: = 7^W-7|Wo and -f^:\N:^ = 7^W^-7^W5' in ^ we see that the contribution 
from the state uj is nonnegative (note that the second integral runs over negative values 
of /i) . Discarding this contribution, we obtain the inequality 

^>-Tr d^ M72 Wo (<?M <» 5;^) + :r / d^ /i72*Wj; (g^ ® 5;:) (101) 

^TT Jo 27r J_^ 

or, equivalently, 

3>-^y d/i/i{72*Wo(.9p®5;:)+72*Wo^(5-P®5^)}- (102) 

The right-hand side depends only upon the choice of the reference state ujq and the 
curve 7, as well as the function g. Furthermore, it is manifestly negative. Most 
importantly, it is finite, because the structure of the wave-front sets of 72V\/o and 
72 Wq ensures that the integrand is of rapid decay in /x as /i — > -l-oo. (Compare, for 
example, with the proof of Theorem 4.1 in [Hj.) 
We therefore have 

1 



dT{:p:)^iT)g{Ty>~—J dfi ^i {S^ + Sl) > ~^, (103) 

where Sf^ and Sj^ are given by equation ((SJ. We have thus proved our main result. 
Theorem ^ 

When the reference state is charge conjugation invariant, there is a further 
simplification, due to the relation (j^HJ- By arguments similar to those used to prove 
Theorem 2.2 in jH] the pull-backs have the same relationship, so ^2^0 if ^ '*•) = 
7|Wo(/i (8) /) for f,h e &{I)- Consequently, 5*^ = 5^, and we have 

1 r°° 

dr (:p:)^ (r) g {rf > — / d^ liS^. (104) 
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4. Example: static spacetimes 

4.I. General case 

In this section, we will obtain a simplified form for the bound Q, for the case in 
which the energy density is averaged along a static trajectory in a static spacetime, 
and when the reference state luq is itself static. Further simplifications occur if ujq is 
charge conjugation invariant, or a ground state. Finally, we show that the simplified 
bounds reduce to the bound of |2j in Minkowski spacetime, using the Minkowski 
vacuum (which is, of course, charge conjugation invariant) as the reference state. 

Accordingly, the spacetime (M, g) is henceforth assumed to admit a one- 
parameter group of isometrics Pt, whose orbits are smooth, time-like and generated 
by a hypersurface-orthogonal Killing vector field ^'^. We choose 7 to be one of these 
orbits and assume, without loss, that ^'^^^ = 1 on 7. In several respects our argument 
will resemble that used for scalar fields in |^ (in which stationary spacetimes were 
treated) and we will therefore concentrate our attention on those aspects which are 
different for the Dirac field. 

The first task is to promote f3t to a one-parameter group of ^-automorphisms of 
the algebra 5^(M,g); we employ the strategy outlined in 32 . To start, note that /3t 
induces the push-forward /3t* : TJA —^ TM. and, in an obvious way, an action on the 
frame bundle F(M,g), which we will also denote (3t*- This action lifts uniquely to 
(3t* : S'(M,g) -^ 5(M, g) so that Pn* = ids(M.g)i t '~^ /3t*E is continuous for each 
E e 5(M,g) and i^iP^E) ^ Pt*{ip{E)), where ip : S'(M,g)^-> F{M,g) encodes the 
spin structure. In turn, we may induce action Pt* on DM. by Pt* [T, x]p = [Pt*T, a^]/3t(p) , 
and similarly on _D*M by Pt*[T, x]* = [Pt*T, x]*„ ,^, so that Pt* commutes with Dirac 
adjoint. All these bundle maps cover the original isometrics Pt, mapping the fibre 
over p to the fibre over Ptip)] they also induce maps [for which we use the same 
notation] on the corresponding spaces of (local) sections over these bundles, e.g., 
0t*f){p) = Pt*{f{Pt'^{p))) for / e C°^{DM) etc. The maps Pt* act in an obvious 
way on ^double, and this action is easily seen to commute with the conjugation 
r, the doubled Dirac operator D and the fundamental solutions 5'j^^> , so that 

S(j3t*Fi,Pt*F2) = S{Fi,F2) for aU Fi e ^double, t e M. In consequence, the 
map at defined by at(S(i^)) :— E{Ptt,F) extends uniquely to a unit-preserving *- 
automorphism of S^(M, g). 

A state ujQ is said to be static for at if u!o{at{A)) = ujo{A) for all A e 5(M,g), 
t e M. In particular, this entails that the corresponding two-point functions obey 

Wo (J3t*f ® Pt*h^ = ujo (*+ (Ptj) * [Pt*h}j) 

= ^0 («*(*+(/) *(/!))) 

= Wo{f(g> h) (105) 

for all / e %p, h e i^cosp and similarly. 



< 



[Pt*f <» Pt*h^ = W^o"^ (/ ® ft) . (106) 

We construct a local section E of 5(M, g) as in ij3.1l within the open 
neighbourhood 3^^ of 7, and claim that it is invariant under the static isometrics: 
Pt^:E ~ E. (Clearly, 3\f^ is also invariant under the Killing fiow.) To see this, first 
note that Fermi- Walker transport and Lie transport coincide on 7, because ^^ is 
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hypersurface-orthogonal (see Proposition |H| of [Appendix A| ) . Thus the tetrad Ca is 
Lie transported along 7. By construction, Co is propagated into the rest of Jsf^ by 
parallel propagation along the space-like geodesies meeting 7 orthogonally. Since 
(i) the connecting geodesic for a point /3t{q) is simply the image under Pt of the 
connecting geodesic for q; (ii) the tangent map PI intertwines parallel transport along 
these geodesies, and (iii) we have already argued that the tetrad is Lie transported 
along 7, it follows that ea\i3t{q) = Pi^a\q for all q € Ti^. Thus pt*e = e, and so any 
smooth lift E to S'(M,g) satisfies Pt*E = E, while the corresponding local spinor 
fields obey P^Ea = Ea- _ 

Accordingly, if / e ^{M) then PUfEA) = {Pt*f)EA, where PtJ = f o p~\ The 
upshot is that the distributions Wg, Wq g i^'(3^ x 'K) are positive- type distributions 
obeying 

\No iPtJ ® Pt*h) ^SNoif^h), (107) 

K i(3t*f ® Pt*h) ^\Nl{f(g>h), (108) 

and with wave-front sets sufficiently well-placed that the pull-backs 72 Wq and 72 Wq 
exist. Arguing exactly as in the Appendix to [S| there must exist Wq, Wq e ^'(R) 
such that 

72*Wo(/®5) =Wo(/*5), (109) 

7*2Kif®9) =K{f*~9). (110) 

where ^(t) := g{—T) and the * denotes convolution. These distributions are positive- 
type in the sense that Wo(/*/) > 0, for example, and their wave-front sets are easily 
seen to obey 

WF(Wo) cMx M+, (111) 

WF(W|i') cMxM", (112) 

because, for example, Wq = (p*j2^0i where (^ : M ^ M'^ is defined by (p{t) :— (r, 0). 
From here we may employ a variant of the Bochner-Schwartz theorem. Theorem A. 11 
in "33", to deduce that Wq (respectively, Wq) is a tempered distribution whose Fourier 
transform is a polynomially bounded measure such that (—00, u) (respectively, (u, cxi)) 
has finite measure for any u G M. Moreover, arguing again as in §5 of ^21; 

(113) 
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is a positive, polynomially bounded function. Accordingly, we have the simphfied form 
of the QWEI bound: 

dr{:p:)^{T)g{Tf>-^JAu [g {u^ Q {u) . (118) 

If, in addition, ujq is charge conjugation invariant then we have T(C) = 2Wo(C)- 
Finally, if wq is a ground state, that is, in its GNS representation ttq, we have 

7ro(at(A))=e-'^*7ro(A)e'^* (119) 

for a positive Hamiltonian H , then exactly the same arguments used in the Appendix 

to [HI niay be used to argue that Wq is supported in [0,oo), while Wq is supported 
in (—00,0]. Thus T is supported in [0,oo) and the integration region in the definition 
pi7|) of Q may be restricted to [0, u). 

4-2. Minkowski spacetime 

Now consider the case of Minkowski spacetime, with uiq the charge conjugation 
invariant ground state. We take 7 to be the world hne (t, xq) of a static observer. 
Then the bound has the simplified form of equation pi8|l . but with Q{u) replaced by 

Qm{u):=- f dC(u-C)'VVo(C) (120) 

Now it is a standard result that, in un-smeared notation, 

,, ,3,. , (^"7a^A + mS^A) e, {x' ~ x) (121) 

(27r) (2wfc) 

with the latter expression understood as an oscillatory integral, and where ^^(/) '■— 
"^(fE^), *ji(/) := ^^ifEA) are the component fields of * and *+. In addition, 
fc° = (wfc, k) with ujk — y/\\k\\^ + m^ . It then follows from (|70|l . along with Tr7o ~ 0, 
Tr7a7;, = 4?7af, (which hold in any representation of the Dirac matrices) that 

Wo{x,x')^2 efe(x'-x). (122) 

JR3 (27r) 

It follows that the pull-back Wq = (/?*7|Wo may be written as 

Woit) = 2 f -^e_.,(i) 

JR3 (27r) 

= \ [ dk fc2e_^^ (i) , (123) 

where we have used spherical polar coordinates to simplify the integral in the second 
line. Changing the integration variable to C = cj^, we have 



w.(0 = ^Xdc 



-C\/<? ~ ^71^0 (C - m) 



e-cW, (124) 



where Q here denotes the Heaviside unit step function. The integral is now clearly a 
Fourier inversion integral, so that we immediately have 

Wo (C) = -CVC' - ^26 (C - m) , (125) 

TT 



An explicit QWEI for Dirac fields in curved spacetimes 19 

and hence 

Qm {u)=\ I dC {u - C) CVC^ - m2 

1 



127r2 



u \2u — 5m j v w^ — TO^ + 3to In 



v/^?^ 



771^ 



= -i^w^ X QD (^/m) , (126) 

where the function Q^ is defined by equation (1.4) of [5]. 
So, the bound of equation (|118|l has the final form 

1 f°° 
dT{:p:)^{T)g{Tf>-—^ du \g {u)\^ u^Q^^ {u/m) (127) 

in Minkowski spacetime. This is identical to the bound of 9 , demonstrating that the 
approach used there is generalized here. 

5. Local Covariance 

A disadvantage of our QWEI is that it is a difference quantum energy inequality: it 
constrains only the normal-ordered energy density with respect to a reference state. In 
general spacetimes one would not have access to the two-point function of a reference 
Hadamard state in sufficient detail to be able to compute the bound. However, it has 
recently been shown, for scalar fields, how difference QEIs may be combined with local 
covariance to provide constraints on the renormalized stress-energy tensor in locally 
Minkowskian spacetimes ^31 (see also |21] for the locally Schwarzschild case). This 
relies on showing that the QEI in question is locally covariant. Here, we indicate how 
the Dirac QWEI derived above can be fitted into the locally covariant framework, and 
derive a simple consequence. A number of details will be suppressed. Our account of 
local covariance for Dirac fields is based on |22ES1; note that an elegant formulation 
of local covariance in terms of category theory underlies both of these references and 
is developed in full in |311. We will not use this language here, but see [37] for an 
account of QEIs in this setting. 

Our interest is in the situation where one globally hyperbolic spacetime (M, g) 
with spin structure encoded by S'(M, g) and V '■ 'S'(M, g) -^ i^(!M, g) can be 
isometrically embedded in another such spacetime (M',g'), whose spin structure is 
encoded by ^(M'.g') and V' : 5'(M',g') -^ F(M',g'). We denote the first spacetime 
and spin structure simply by M, and the second by M . The embedding is required 
to be compatible with both causality and the spin structure. To be precise, the 
embedding is a pair (9, -d) of maps 6 : 5(M, g) -^ S{M' , g') and i9 : M — > M' such 
that 

(i) I? is a diffeomorphism of M onto its range t?(M) in M'. 

(ii) § is an isometry (i?*g' = g), and preserves orientation and time orientation, 
(iii) Any causal curve in (M', g') with endpoints in ^(M) lies entirely in d{JA). 
(iv) 8 covers i9, in the sense that tt' o O = ^ o tt, where tt and tt' are the base-space 

projections of S'(M,g) and 5(M',g'). 
(v) 8 intertwines the right-actions Rs and R'g of SpinQ(l,3) on 5(!M, g) and 
^(M',g'): 

R'goQ = QoRs. (128) 
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(vi) O and d intertwine the spin structures in the sense that 

^P' oB^ D^oip, (129) 

where Di? is the tangent mapping of §. 

Under these circumstances, we write : M ^ 3Vt and say that is an admissible 
embedding. In addition, we may extend the action of O to the spinor and cospinor 
bundles, defining, for example, 8 : DM, -^ DM' by 

e[Ep,x]^ = [eEp,x],(^^; (130) 

we also use 9 for the corresponding action on D*l\l. These maps induce push- 
forwards 9, between the smooth compactly supported sections of these bundles and 
hence between the spaces of doubled (co)spinors, ^double. M and ^double, M' ■ Further, 
the map S]vt(-F') ^— > Sjvj'l©*-?') rnay be extended to an injective, unit-preserving *- 
homomorphism a© : 5(M,g) — > 5(M',g'). The dual map a@ sends Hadamard states 
on 5^(M', g') to Hadamard states on ^{M, g). 

We may now explain how our Dirac QWEI may be considered as a locally 
covariant difference QEI. First, on any Jvl we may form a class Tm of all distributional 
tensors f , acting on second rank covariant tensors t by 

f(t)=y"dT5(T)'w^w%,i^(,) (131) 

where 7 : / — > M is_a^time-like curve meeting our usual hypotheses, w^ is its velocity 
and g belongs to C^ (/; R) , the class of smooth functions with compact connected 
support contained in / and having no zeros of infinite order in the interior of their 
support. + The restriction to C^{I;M.) is fairly mild, as it is dense in C^{I;M.) J14j . 
Next, define Q3vt(f,'^o) for each f e 1m, and Hadamard state ujq on 5^(!M,g) to equal 
the right-hand side of Q, where f is related to /, 7 and g by H131(l [note that /, 7 
and g may be reconstructed from f up to trivial reparameterizations] . Then in any 
spacetime, our QWEI takes the form 

(Tm (f))c. - (Tm (f )>c.o > -Qm (f , too) (132) 

for all Hadamard states uj,ujo on 5'(M,g) and f e Tm- Here T^: denotes the 
renormalized stress-energy tensor on M, so the difference on the left-hand side is 
precisely the stress-energy tensor normal-ordered with respect to loq. This is the 
general form of a difference QEI given in 14 ; what remains is to verify that it is 
locally covariant. 

To establish covariance, we must show that, given any admissible embedding 
: M ^ M', we have i?*T]vt C Tjvc and 

QM(f,a^Wo) = QM(i?*f,c^o) (133) 

for all f G Tm and Hadamard states uj'q on 5^(M',g'). The first of these requirements 
was established in 14 . To prove the second, write 7' = 1907, wq — ctQ^'o and construct 
distributions Wq, W^ e ^'(K^ xTi-f), and W(,, W^f e ^'(3^^,- x l^y) from ujq and uj'„ 
respectively, according to our usual construction, based on local sections E and E' of 
S{M,g) and 5(M',g')- Below, wc will prove: 

Lemma 6. There is an open neighbourhood of ^ in which i3*\Nq (respectively, t^2^o"/' 
coincides with Wq (respectively, Wq j, where ^2 : M x M ^ M' x M' is the map 
Mp,p') = {d{p),d{p')). 

+ Our class Tjvt of sampling tensors was denoted iJ^JJ^'' in 1141 . 
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From this, it follows immediately that 72W0 = 72*Wo and 72WQ — 72*Wq-^, thus 
entailing that (|133|l holds, and establishing local covariance. 

The following assertion may now be proved on exactly the same lines as 
Proposition III.l of ^1], using two facts about the four-dimensional Minkowski space 
bound obtained in [S]: (i) the QWEI bound for to > is more stringent than that for 
TO = 0; (ii) the bound for massless Dirac fields is exactly a factor 4/3 weaker than its 
scalar counterpart. 

Proposition 7. Let 'N be a four- dimensional globally hyperbolic spacetime with spin 
structure. Suppose a time-like geodesic segment 7 of proper duration may be enclosed 
in an admissibly embedded subspacetime* ]\f of !N" . // !N" may be admissibly embedded 
in Minkowski space then 

sup(T^afcw"w')c. > -- 5 (134) 

for any Hadamard state uj of the Dirac field on 'N, where the constant C = 4.226477 . . . 

The constant C is just 4/3 of that appearing in Proposition III.l of 23- Rather more 
stringent bounds are expected for m > and will be discussed elsewhere. In a similar 
way, the other results of J^ can be extended to the Dirac case. 
It remains to prove Lemma 
Proof of Lemma\^ Note that 

Wo {f®h) ^ <5^^«^^^ (*3tt UEa) *m {hE+)) 

= S^^u;', (*+ , (e, ifEA)) *M' {e.{hE+) 
^S^^W(,{e,{fEA)®e*{hE+)^ (135) 

for /, h £ ^CN-^). By the same arguments as in H2.5I it is enough to show that 

^^^e,^;^ H ei*E+ = s^^e'^ k e'+ (i36) 

for some open neighbourhood 0' of 7', for then 

Wo(/®/i)=W[,(^,/®z?,/i) (137) 

for all /,/i e ^(0) where = -iJ^HO'). Hence Wq and ^^W^, coincide on and the 
result is proved. 

To establish (I136|l we observe that 

{i^' (e^E)) (p) = ^' (ei?^-i(p)) = i?^U-i(p)^ (E^-Hp)) = (^*e) (p) (138) 

where e = tpiE) is the tetrad induced by E. Since d is an isometry, we may deduce 
that the tetrad i?*e is Fermi- Walker transported along 7 and parallel transported 
along geodesies in 0' :— 'N^r n i?(3\f-y) meeting 7' orthogonally. Using the argument of 
LemmaO we must have Q^,E = R'gE' on 0' for some fixed S € SpinQ(l, 3) with A(S') 
a pure rotation. Then Ij 136(1 follows by Lemma EBIII) • □ 

* That is, yi' , endowed with the metric and spin structure obtained by restriction from !N", is 
admissibly embedded in "N by the inclusion map. 
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6. Conclusion 

To conclude, let us compare the Dirac QWEI with the scalar field bound of |l^. The 
assumptions about the spacetime, curve 7, and sampling function g are essentially the 
samejj as those made here, and the QWEI bound is 

dr (:p:)^ (r) g {rf >— dfi [g (g, g^^Jo] (-/^, m) > -«3, (139) 

T^ Jo 

where Tq is a distribution defined in [W x Jsf for some open neighbourhood J4 of 7, and 

which is defined with the aid of a tetrad Ca on Jsf, such that cq coincides with the 

velocity of the curve on 7. The freedom introduced by the choice of tetrad was not 

explored in [^; recently, however, it has been noted 14 that the subclass of tetrads 

which are invariant under Fermi- Walker transport along 7 all lead to the same value 

for the bound. 

There are therefore several key similarities between the bound presented here, 
and the scalar bounds (and the spin-1 bounds |7]). In particular, the role of Fermi- 
Walker transport seems worthy of further investigation: do other choices of tetrad 
lead necessarily to less stringent bounds within this method? It is also interesting 
that the Dirac QWEI turns out to involve the point-split charge density; we do not 
have a good physical understanding as to why this should be. 

In terms of applications, we now see that the Dirac QWEI has a simple form 
in static spacetimes very much along the lines of those for the scalar and spin-1 
fields. Thus the Dirac field falls into the abstract QWEI setting that was used in 
Pni to investigate the links between the microlocal spectrum condition, QWEIs and 
the second law of thermodynamics (in the guise of 'passivity'). In fact the Dirac field 
would be technically easier to analyze and one might expect to close some of the 
small technical gaps left in the scalar field case. In addition, we have seen that local 
covariance can be invoked in conjunction with the QWEI, just as in the scalar case 
|14| and can used to obtain a priori bounds on energy densities in locally Minkowskian 
spacetimes. 

Finally, we have only discussed QWEIs for the Dirac field, and it would also be 
interesting to consider more general QEIs. In the scalar case, such generalizations are 
quite straightforward (see, for example, |SHI); however, it does not appear to be as 
easy in the Dirac case. 

Appendix A. Fermi Walker transport 

In this section we will give an account — brief, but sufficient for our needs — of Fermi- 
Walker transport. Relevant references include |i22j JO, 41 ; we also mention that our 
original inspiration for investigating Fermi- Walker transport in this context was 02] , 
where other applications to quantum field theory are explored. 

Let the time-like curve 7(t), where the parameter r is the proper time, be an 
integral curve of the vector field u^, such that u^ is a unit tangent to the curve: 

"'' = ^ = 7^ g^^uuf^u'^ ^ +1. (A.l) 

The acceleration of 7 is 

a^ := u"V^uf' (A.2) 

tt The only difference is that here we have permitted curves parameterized by finite intervals of proper 
time, but this would require only trivial modifications to ^. 
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and (by definition) satisfies g^^a^u'^ = 0. 

The Fermi- Walker derivative of a vector field X along 7 is defined by 



Dr Dr Dr ' " 'V Dt ^ 

where DX/Dt := (7 • V)X. Useful expressions, in terms of components, are 

Dr 

= u"" i^/^X" - g„r (u^V^M^ - w^Vi^M^) X"} . (A.4) 

The definition (|A.3|I . together with the requirement that the Fermi- Walker derivative 
be Leibniz and that it commute with contractions, allows the Fermi-Walker derivative 
of an arbitrary tensor field to be uniquely determined. 

The vector field X is said to be Fermi-Walker transported along 7 if it satisfies 

^ = (A.5) 

everywhere on 7. An important property of the Fermi- Walker derivative is that 
the tangent vector field 7 is automatically preserved under Fermi- Walker transport. 
Notice also that, if 7 is a geodesic, then the Fermi-Walker derivative reduces to the 
ordinary absolute derivative D/Dr = (7 • V) along 7. 

Finally, consider the important case in which 7 is a static trajectory in a static 
spacetime. Then 7 is one of the smooth, time-like orbits generated by a hypersurface- 
orthogonal Killing vector field ^. In this case, we have the following useful result. 

Proposition 8. Let the vector field X be invariant under the Killing flow, so that it 
is Lie-transported along 7 with respect to ^; 

£(^X\^ = 0. (A.6) 

Then X is Fermi- Walker transported along 7. 

Proof: Since ^^^^ is constant on 7, we can assume, without loss of generality that 
^'^^^ = 1; this simply amounts to the proper-time parameterization on 7. Writing 
/ = £,'^£,fj,, the acceleration of 7 is given by a^ — — ^V/. Since £^X ~ 0, we have 
^^VpX'^ = X'^V^t^'^, and so the Fermi- Walker derivative may be written as 

^X.=X'^(V^^.+C[^V.]ln|/|). (A.7) 

But a hypersurface-orthogonal Killing vector field 1^ with £,^£,f_i ^ satisfies 

V^?. = -e[MV.]ln|re.|, (A.8) 

(see, for example, P3i) and so we have the required result. D 
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